The three-particle operator in a second quantized form is studied. The operator is transformed into irreducible tensor form. Possible coupling schemes, distinguished by the classes of symmetric group S 6 , are presented. Recoupling coefficients, which allow one to transform given scheme into another, are produced by using the angular momentum theory, combined with quasispin formalism. The classification of three-particle operator, which acts on n = 1, 2, . . . , 6 open shells of equivalent electrons of atom, is considered. The procedure to construct three-particle matrix elements are examined.
Introduction
The mathematical technique of effective operators plays an important role in the studies of either atomic open-shell many-body perturbation theories [1] [2] [3] [4] or atomic inner-shell physics, when calculating transition probabilities or widths of levels [5, 6] . This approach provides an opportunity to include electron-electron correlation effects in a flexible form. The irreducible tensor forms of one-, two-particle effective operators have been widely studied in many works [7] [8] [9] [10] [11] . Starting from the second-order MBPT, in a particlehole representation one has to deal with expansion terms, which include three-particle operators. In this paper we namely concentrate on classification of effective three-particle operator, written in irreducible tensor form. Special attention is paid for many open-shell aspects of the problem. The group-theoretical classification of irreducible three-particle operator for equivalent electrons (particularly, f electrons) has been considered by Judd [7] . In our considerations we do not classify the states of equivalent electrons. Our aim is the operator by itself, providing a general classification of all possible coupling schemes and determining connection among them.
The three-particle operator may inscribe on six open-shell electrons at once. It is assumed that irreducible tensor operator matrix element is constructed on the basis of multi-shell wave functions, coupled in a consequent order. For this reason, tensor operator is also expressed in a consequent order with respect to creation and annihilation operators, which act on the first, second, etc. open-shell. All other mixed arrangements are obtained by the corresponding permutation operations of S 6 group. Recoupling coefficients, which appear due to such transformations, are presented too.
Besides the tensor structure, effective three-particle operator includes weight coefficient. In MBPT this coefficient denotes miscellaneous products of one-or two-particle matrix elements (with energy denominator included). The systematic study of two-particle matrix elements can be found in [12] [13] [14] . The application of this methodology for the second-order effective Hamiltonian one can find in [15] . 1 
Preliminaries
Let a generalized three-particle operator be
where ℓ ijkqpl denotes weight coefficient, which depends on concrete operator. The subscripts x = i, j, . . . indicate the sets of one-electron quantum numbers {n x λ x µ x }. Let Λ be either reducible (LS-coupling) or irreducible (jj-coupling) tensor space. Then each creation operator a x is labeled by irreducible representations λ x = l 
2)
3)
In Eq. (2.3) the quantities λ x µ x λ y µ y |λ xy µ xy denote Clebsch-Gordan coefficients of SU (2) [16] . Set Q a quasispin space. Then the presentation of Λ T λ µ in q-space, where q ≡ Q × Λ, is
The notation ijklpq , as a shorter description of T ς ι , will be used later. The ranks ς x = κ x λ x . In the next section it will be showed, that there are 42 ways at all to form T ς ι .
Coupling schemes
Suppose there is constructed tensor
with n ≥ 2, and α i , i ∈ I = {1, 2, . . . , 6} labeling irreducible representations. In general, for any n ≥ 2 there are different ways to reduce Kronecker products of α i . We suggest a procedure, suitable for any n, to obtain possible coupling schemes. Suppose there is a n-length string, which is partitioned into the sum of λ κ -length strings, where n = λ 1 + λ 2 + . . . + λ n . Consequently, the partitions can be characterized by the irreducible representations λ ≡ [λ 1 , λ 2 , . . . λ κ , . . . , λ n ] of S n . We exclude two partitions of length 1 and 2. The 1-partition, including only 1 operator a
, appears h 1 times in the coupling scheme, the 2-partition appears h 2 times in the same coupling scheme and so on. Furthermore, in our considerations the ordering of partitions is important, while the ordering of partitions λ κ in the sum λ 1 + λ 2 + . . . + λ n does not play any role corresponds to coupling scheme of ranks ς x in T ς in Eq. (2.5). In Tabs. 1-2 
b ′ and so on. The procedure considered is easily extended for any n, if there are defined all m-tuples with m < n. To perform this task, the following steps should be accomplished: (i) each n-length string is distinguished by representations of S n , excluding only those, which include 1-and 2-partitions; (ii) obtained partitions λ κ are written in all possible ways in the sum λ 1 + λ 2 + . . . + λ n (e.g., 2 + 1 + 1, 1 + 2 + 1, 1 + 1 + 2); (iii) renaming 2 by 1 ′ , one obtains (n − h 2 )-length string (h 2 is a multiplicity of 2), which has already been classified by possible partitions; those partitions are included in studied string (by using ⋉), and in the final step 1 ′ is reversed 3 to 2 back again. Note, for obtained (n − h 2 )-length string there are suitable only those partitions, which do not couple 1-partitions; otherwise one would get a tuple, characterized by another representation of S n (e.g., [[1 In general, there are 42 · 42 = 1764 recoupling coefficients which can be generated among each of the scheme (written in a consequent order) when n = 6 (Tab. 2), including coefficients for the same scheme and for the conjugate schemes. This number can be reduced to only 42. We will call them the basis coefficients. All other recoupling coefficients are generated from basis coefficients. Let it be the coefficients generated when transforming
into all other 41 scheme. Here
Then the tensor O 6 (see Eq. (3.1)) is reduced as follows
The multiplier I is defined in Eq. (2.3) making the replacements
It has to be taken into account that the numbering of the ranks and of the operators differs. For example, the rank α 12 is the total rank of the ranks α 1 and α 2 of the operators which are placed in the 1st and 2nd positions of the given scheme. On the other hand, the ranks ς i = α 1 and ς j = α 2 can acquire the same value ς 1 . To avoid further misunderstanding, the following notations will be used. The rank α i = κ i λ i will denote the rank of the ith operator a α i in q-space; the rank ς x = κ x λ x will denote some value of any of the operators in the sequence. Generally, if the notations α i and α j mark the ith and the jth positions of the corresponding operators, respectively, the rank ς x can be the same for both α i and α j .
The basis coefficients will be denoted by ǫ ξ , where
The integers ξ ∈ {1, 2, . . . , 42}; I ξ = I κ = I are transforming among each other by the formulas 6) where the summations are performed over the internal ranks α η , α ζ . The indices η ∈ Υ = {12, 123, 45, 456}; the indices ζ ∈ Γ ξ = {ζ 1 , ζ 2 , ζ 3 , ζ 4 } depend on the concrete scheme T λ κ . It directly follows from Eq. (3.6) that
In Eq. (3.7) the basis coefficients ǫ ξ are defined in Eq. (3.4), while the basis coefficients ǫ ξ ′ correspond to the recoupling from T
The coefficients ǫ ξ are presented in an explicit form in Appendix A.
Permutations
In previous section the possible schemes to reduce operator O 6 have been studied. In present section we develop the procedure of transformation for arbitrary operator T
It is assumed, both operators are coupled by the scheme T 
Consequently, there are 6! permutation coefficients ε, in general. This number will be reduced up to 15 permutations which are described by the 2-cycles (ij) ∈ S 6 (i, j ∈ I). This appears from the general theory which states that all n-cycles (n ≥ 2) can be expanded into the composition of n − 1 number of 2-cycles. Hence, the rest of permutation coefficients are obtained from the permutation coefficients ε ij . Moreover, the coefficients ε ij will be constructed of the basis coefficients ǫ ξ in such a way, that the desirable ordering of ranks of the tensor operator T α β would be obtained making minimal number of recouplings between the schemes T λ κ . The coefficients ε ij are determined from the equation
The summation is performed over α ̺ , where the indices ̺ ∈ F ⊂ H = {12, 123, 45, 46, 456} depend on the concrete permutation (ij). These coefficients ε ij are invariant under the operation (ij)
However, in general, (ij) ε ik = ε jk . Some of the coefficients (ij) ε ik and ε jk differ only by the phase factor
Here
ij , the condition j > i can always be satisfied. We conclude that any operation of the n-length
can be decomposed into the n − 1 power sums of the operations of 2-cycles (ij) on given scheme by applying Eq. (4.1) in the following way
(4.5)
In Tab. 3 the explicit forms of ε ij are presented for all 15 cases. In the last column the set F of α ̺ indices is defined in Eq. (4.1). The number ξ > 1 signifies, that there are more than one equivalent opportunities to recouple given operator T
. By default, the coefficients ε ij appear when permuting the operators a
with different ranks ς x . It is noticeable, some of the indices x can acquire the same values, i.e., some ranks can be equal. In this case one assumes that the same rank operators a ςx ιx are not permuted because in a contrary case the Kronecker delta function appears. However, we will demonstrate, that there is a simple way to avoid arising deltas. Suppose there is a tensor operator jiilpq (see Eq. (2.5)) which has to be transformed to iijlpq . The set of possible operators π satisfying such a transformation equals to {(13) , (132)}. If π = (13) = 1 2 3 3 2 1 , then (13) iijlpq = jiilpq = ς ii =odd ε 13 iijlpq , where
, and ǫ 6 is presented in Eq. (A.11). 
{12, 123, 46, 456}
Tab. 3: Recoupling coefficients ε ij
If π = (132), a 3-cycle has to be decomposed into the composition of two 2-cycles. Such a decomposition is the set of operators E π ∈ {(13) (23) , (12) (13) , (23) (12)}. The quantity π in the subscript in the notation of the operator E π shows that the present set has been obtained from the operator π. The operators E π will be called the equivalent operators (or equivalent permutations) for given π. Particularly, E ij = (ij), i.e., for a 2-cycle (ij) there is only one equivalent operator E ij which coincides with (ij). Hence,
The task is to find out ε 132 . If 7 E 132 = (13) (23), the third operator in iijlpq is permuted with the second one and after that the permuted third operator is replaced with the first one (none of the permutations of the same rank operators are performed). According to Eq. (4.1), (13) 23 . But f 13 = 1, f 23 = ̟ 23 = ̟ 13 = 1, and (12) ε 13 = ε 23 . On the other hand, ε 23 = ε 13 {(13) ε 23 } = −ε 13 . Thus, the coefficient ε 132 = −ε 13 . Finally, if E 132 = (23) (12) , then (23) (12) iijlpq = ς ii =odd ε 23 iijlpq . Hence, according to the results of the previous composition, we get that ε 132 = −ε 13 . This indicates identity (132) iijlpq = − (13) iijlpq . Note, (132) does not permute same rank operators, while (13) does. This means every n-length permutation π with n > 2 can be replaced by the shorter permutation π min (if such exists), i.e., the operation with the less number of the permutations, in the following way ) iiijpq . Thus, we obtain identical result. Note, the procedures studied in this example are valid for all E 1432 . The equivalent operators E π for π = (ijk) and π = (ijkl) are these
The presented results, generalized in Eq. (4.6), demonstrate how any n-length permutation can be replaced by simpler permutation even if it permutes same rank operators. Equivalently, this fact allows one to reduce the number of summation parameters, which appear due to performed permutations.
Inclusion of electron-electron interaction in n ≤ 6 open shells
In this section we address to the study of the three-particle operator
(2.5)), depending on how many shells n x λ Nx x it acts on. We distinguish operators ijklpq by the classes In Eq. (5.1) the summation is performed over all shells of bra and ket wave functions. The operators ijklpq belong to one class if the sum of numbers x ∈ {i, j, k} andx ∈ {−l, −p, −q}, where x = |x| (same shell), coequals to ∆ x . The dimension of class d = dim X n (∆ 1 , ∆ 2 , . . . , ∆ n ) is characterized by the number of operators ijklpq , which belong to given class. We consider three types of classes: (i) parent; (ii) dual; (iii) derived. Each parent class X n (∆ 1 , ∆ 2 , . . . , ∆ n ) has its dual class X *
The selection which class is parent and which one is dual, is optional. It is evident, matrix elements of operators, which belong to given class and its dual one, coincide. Dual class is a particular case of derived class. Let us study derived classes in a more detail. Suppose our task is to transform given operator ijklpq
Further, we demonstrate how one can obtain acquainted permutations π 5) which is associated to the numbers x π and y π ′ as follows Obtained expression connects the known permutation π of the class X n (∆ 1 , ∆ 2 , . . . , ∆ n ) with the permutation π
It is important to mention, that the number of operators Φ is much more less than the number dim X n (∆ At this step we pick out special case φ = Π µν , where and the operator π is generated from the next equation 
Matrix elements
In this section we study matrix elements Ψ f | Λ T λ µ |Ψ i on the basis
composed of u shells of equivalent electrons, where single-shell function in Λ-space is defined by
The subscripts i and f in Ψ i and Ψ f designate initial and final states.
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with Γ x indicating additional quantum numbers. In q-space |Ψ
The momenta coupling is performed by using known rules of angular momentum theory. The coupling coefficients are usual Clebsch-Gordan coefficients. In Eq. (6.3) the representations λ x are written in a sum differently from Eq. (6.1). This is because the total basis index of Q in Eq.
the representation of constructed function in Λ-space is the function of the shell n x λ N [9] . The expressions of reduced matrix elements in quasispin formalism can be found in various literature. See, for instance, [7, 10] . Reduced matrix element of operator Λ T λ in Λ-space will be marked by λ Reduced matrix element of T
. . , n} ⊆ I when n > 1 is constructed as follows
The numbers p x and p ℓℓ are defined by
The phase multiplier Φ n is
Here it is assumed that T
is presented in a consequent order (Sec. 5), i.e., it is of the form x ∈ X n (∆ 1 , ∆ 2 , . . . , ∆ n ). In Eq. (6.7) N x denotes the number of operators a Tab. 4: The parameters for three-particle matrix element. Two-shell case [11] . Thus, the reduced matrix element on the right hand side of Eq. (6.5) is assumed to be known. In Eq. (6.5) operators
Representations ς p ℓℓ with p ℓℓ being N ℓ -length number, are prescribed in q ℓ -space. The summation is performed over ς w , where the indices w ∈ L ξ = {w 1 , w 2 , w 3 }. The values of w i∈{1,2,3} depend on the concrete operator x . These are depicted in Tabs. 4-7. Tab. 6: The parameters for three-particle matrix element. Four-shell case Let us take some examples, which show how one can easily obtain the structure of x matrix element. Suppose x = 111122 . Then N 1 = 4, N 2 = 2 and (see Tab. 4)
Other matrix elements of x π = π x are obtained using Eq. (4.5). For example, the operator 121121 = − (26) 111122 . This points to (see Eq. (4.1) and Tab. 8)
Conclusions
The comprehensive treatment of an effective three-particle operator L 3 for open-shell atoms was presented.
However, for open-shell atoms the overall treatment of this operator is very complex and tedious. In present paper effective three-particle operator was studied requesting quasispin formalism. Due to the complexity and high abundance of miscellaneous forms to reduce given operator L 3 , the procedure, suitable for any L n , to classify irreducible tensor operators were performed by exploiting irreducible representations of S n , combined with proposed adaptation of n-tuple concept. Recoupling coefficients, called the basis coefficients, which arise when transforming one irreducible tensor form into another, are expressed by 3nj-coefficients (Appendix A). As long as L 3 consists of six operators a ςx , there are 46, 656 ways to express chosen coupling scheme with respect to the ordering of ranks ς x . These possible distributions were also determined proposing the so-called permutation coefficients, i.e., the coefficients which arise when transforming one partition with its own ordering of ranks into another (or the same) partition with different ordering of ranks. Permutation coefficients, expressed by the basis coefficients, appear when a 2-cycle operation (ij) acts on chosen tensor operator in such a way, that the ordering of given operator ranks is permuted into the consequent order, labeled by the sequence 1, 2, . . . , 6. The permutation considered makes sense when one-shell wave functions, on the basis of which the matrix element is calculated, are coupled in analogous consequent order. Permutation coefficients were constructed making the least number of recouplings, since, in general, every permutation stipulates the summation over intermediate ranks. Besides, we have proved that every permutation can be replaced by the less number permutation (if such exists), irrespective of whether the ranks of permuted operators a ςx are equal or not. Present circumstance allows to reduce the amount of summation parameters, which are found when performing recoupling of ranks.
The three-particle operators, which act on n = 1, 2, . . . , 6 shells of equivalent electrons, were distinguished by classes (see Sec. 5 and Appendix B). These classes are characterized by the number of electrons in bra and ket wave functions, and by the number of shells. The proposed classification allows us to find out momenta recoupling coefficients, which appear when permuting the ranks of any tensor operator from total number 46, 656. Consequently, proposed systematic classification permits to account for electron-electron correlations in n open shells (n ≤ 6) in a convenient way. The inclusion of these effects is estimated by three-particle matrix elements (Sec. 6). 
